We calculate the massive polarized three-loop pure singlet operator matrix element A (3),PS Qq in the single mass case in the Larin scheme. This operator matrix element contributes to the massive polarized three-loop Wilson coefficient H (3),PS Qq in deep-inelastic scattering and constitutes a three-loop transition matrix element in the variable flavor number scheme. We provide analytic results in Mellin N and in x space and study the behaviour of this operator matrix element in the region of small and large values of the Bjorken variable x. arXiv:1912.02536v1 [hep-ph] 5 Dec 2019 PS,(3) Qq .
Introduction
Higher order heavy flavor corrections to deeply-inelastic structure functions are important both in the unpolarized and polarized case [1, 2] . Their scaling violations are different if compared to the massless case and, therefore, influence the measurement of the strong coupling constant α s (M Z ) from the structure functions [3] [4] [5] . Related to it, the massless parton distributions are unfolded, requiring a correct description of the heavy flavor effects. On the other hand, in order to describe the transition of massive partons becoming effectively massless, the variable flavor number scheme can be used [6] [7] [8] . This transition is described by massive operator matrix elements (OMEs), and after its application, effective calculations for scattering reactions at hadron colliders are possible, based also on heavy quark parton distributions. Several of these transition matrix elements have been already computed in the unpolarized and polarized case in the single, cf. [9] [10] [11] [12] [13] [14] [15] [16] , and two-mass case [7, 8, [17] [18] [19] [20] .
In this paper we calculate the massive polarized three-loop pure singlet operator matrix element A (3) ,PS Qq in the single mass case. The corresponding two-mass corrections, which require different computational techniques, have been computed in Ref. [20] . In the present calculation similar techniques as in Ref. [10] are used. This has become possible upon finding the correct projector in the case of external massless fermion lines in [21] , which differs from the one in [22] . The main quantity to be derived is the constant part of the unrenormalized polarized massive pure singlet OME, a 2 Basic Formalism and Overview of the Calculation The pure singlet massive operator matrix element describes the transition between massless onshell quark states q| in association with a local quark operator in the light-cone expansion [23] , which in general is either located on the heavy quark line or on a massless quark loop. The latter case is denoted by A PS qq,Q and contributes to heavy quark corrections in case of massless final states only, which will be presented elsewhere because of the different context. In this paper we present the results for A PS Qq . The first contribution to A PS Qq arises at two loops. Therefore, the corresponding expansion in the strong coupling constant α s is given by, cf. [9] ,
where a s = g 2 s /(4π) 2 ≡ α s /(4π). We perform the calculations in D = 4 + ε dimensions, leading to the following pole structure of the unrenormalized OME at two-and three-loop order (1),PS qq
ij , with k = 0, 1, 2, denote the polarized anomalous dimensions [21, [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] , a (k) ij , with k = 1, 2, 3, is the constant part of the unrenormalized OME at O(a k s ),ā (k) ij , with k = 1, 2, denotes the O(ε) contribution of the unrenormalized OME at O(a k s ), β k and β Q,k are the expansion coefficients of the QCD β-function in the MS-scheme and for massive contributions, δm (l) k are the expansion coefficients of the renormalized quark mass m, µ is the renormalization scale, N F denotes the number of light quark flavors, and ζ k = ∞ l=1 (1/l k ), with k ∈ N, k ≥ 2, denotes the Riemann ζ-function at integer values. For details of the notation see Ref. [9] . The two-loop results on a
ij are given in Ref. [36, 37] , see also [38] .
Here and in the following we use the shorthand notationŝ
Renormalizing the mass in the on-shell scheme and the coupling constant in the MS-scheme, we obtain the following expressions for the renormalized pure singlet OME at two-and three-loop order [9] ,
(1),PS+ 2δm
The connection of these OMEs to the massive Wilson coefficient in the asymptotic region has been described in Ref. [9] , Eq. (2.14). The polarized two-loop result was given in [36, 38] . In this paper we present the three-loop result. In particular, we calculate the constant part, a (3),PS Qq , of the three-loop unrenormalized pure singlet polarized OME. The calculation in the polarized case is closely related to the unpolarized one [10] , since many of the required steps are common to or similar in both cases. The massive OME A (3),PS Qq consists of 125 Feynman diagrams, which we generated using QGRAF [39] . A sample of the diagrams is shown in Figure 1 . The Feynman rules for the local operator vertices can be found in Ref. [9, 21] . The main difference between the polarized rules and the unpolarized ones is the presence of an additional factor of γ 5 in the former case, which requires the choice of a prescription in dimensional regularization. We performed the calculation using the Larin scheme [40] 1 , where γ 5 is expressed as
after which the Levi-Civita symbols can be contracted in D dimensions using ε µνρσ ε αλτ γ = −Det g β ω , β = α, λ, τ, γ; ω = µ, ν, ρ, σ.
(2.10)
In general, the calculation of OMEs requires the projection of the corresponding Green functionŝ G ij l , which is straightforward in the case of gluonic OMEs, but is more subtle in the case of quarkonic polarized OMEs. In Ref. [21] , we showed that the correct projector in the Larin scheme is given by
where N c is the number of QCD colors, p is the momentum of the external massless quark, N is the Mellin variable, and ∆ is a D-dimensional light-like vector. Using this projector, we were able to extract the corresponding anomalous dimensions from the poles of the OMEs in [21] , and after performing a finite renormalization, we found the results to agree with those presented in [35] in the so called M-scheme [43] . The full finite renormalization required to transform also the constant term a to the M-scheme is at present unknown, so in this paper we stick to the Larin scheme.
The propagators, vertices and operator insertions from the output of QGRAF were replaced by the corresponding Feynman rules using a FORM [44] program [9] , which also allowed us to introduce the projector (2.11) and to perform the Dirac algebra in the numerator of the Feynman integrals. After this, we ended up with a linear combination of a large number of scalar integrals,
where the functions J i (N ) are the scalar integrals and the c i 's are factors containing scalar products not involving the loop momenta. As we have done in the past for the calculation of unpolarized OMEs, we multiplied the result by an auxiliary variable t raised to the power of the Mellin moment N , and summed up to N = ∞, that is, we computed
This allowed us to rewrite all operator insertions in terms of artificial propagators, after which it became possible to reduce the scalar integrals to master integrals using integration by parts identities. For this we used the C++ package Reduze 2 [45] 2 . We ended up with a linear combination of master integrals,
where the functions M i (N ) are the master integrals and r i (t, D) are rational functions in t and the dimension D. What remained was the calculation of the master integrals and the extraction of the N th coefficient of the expansion in t of A
(3),PS Qq (t) as a function of N . The master integrals turn out to be the same ones needed in the unpolarized case. Details on their calculation can be found in Ref. [10] . In their computation we use difference field and ring techniques as implemented in the packages Sigma [48, 49] , EvaluateMultiSums and SumProduction [50] , which also make use of the package HarmonicSums [51] [52] [53] [54] [55] [56] [57] . 3 We have checked our results comparing the moments for fixed values of N with corresponding results obtained by using MATAD [59] for N = 3, 5, 7.
Results
We now present the result for the O(ε 0 ) term of the unrenormalized pure singlet polarized OME, namely, a (3),PS Qq . In N space, this term is given by harmonic sums [51, 52] 
and generalized harmonic sums, cf. [55] , at rational weights a i ∈ Q S ini n−1 ···i 2 i 1 (a n , a n−1 , · · · , a 2 , a 1 ;
with i k ∈ N\{0}. In the following, we will use the shorthand notation S in,··· ,i 1 ≡ S in,··· ,i 1 (N ) and S in,··· ,i 1 (a n · · · , a 1 ) ≡ S in,··· ,i 1 (a n · · · , a 1 ; N ) .
with the functions
The constants B 4 and B 5 are defined as
They are linear combinations of multiple zeta values [60] and Li n (x) = ∞ k=1 x k /k n , x ∈ [−1, 1] denotes the classical polylogarithm. The polynomials P i are given by
(3.23) 
31)
P 24 = 3N 8 + 26N 7 + 28N 6 − 41N 5 + 82N 4 + 111N 3 − 257N 2 − 20N − 4, (3.32) P 25 = 13N 8 − 146N 7 − 1061N 6 − 2606N 5 − 2516N 4 + 502N 3 + 1746N 2 +1620N + 432, (3.33) P 26 = 12N 9 + 32N 8 − 5N 7 − 194N 6 − 493N 5 + 76N 4 + 1568N 3 + 1596N 2 +704N + 112, (3.34) P 27 = 80N 9 − 859N 8 − 6334N 7 − 16687N 6 − 22150N 5 − 15142N 4 − 15840N 3 −15228N 2 − 9720N − 2592,(3.
35)
The Mellin inversion of (3.4) leads to generalized harmonic polylogarithms (HPLs) of argument x [55] . These can be transformed to standard harmonic polylogarithms [61] over the alphabet {−1, 0, 1} evaluated at different arguments, which can be done with the help of the Mathematica package HarmonicSums. The harmonic polylogarithms are given by
In the case of a 
We will split a (3),PS Qq (x) into a part represented by the harmonic polylogarithms of only the argument x and a part containing also harmonic polylogarithms with the argument (1 − 2x) . In what follows, we use the shorthand notation ζ 3 H 2 0 + 56H 0,0,1 − 12H 0,1,1 + 5ζ 3 H 0,1 + 80H 0,0,0,0,1 −318H 0,0,0,1,1 − 134H 0,0,1,0,1 + 78H 0,0,1,1,1 + 50H 0,1,0,1,1 + H 0,1,1,1,1 + 19ζ 2 H 0,0,1 In Figure 2 we illustrate the function xa PS,(3) Qq setting N F = 3. The leading small x term is phenenomenologically not dominant, as has also been observed for a large number of other quantities, cf. [62] [63] [64] . A series of sub-leading terms is necessary to describe xa PS,(3) Qq at least for some region in the small x domain. The same is true in the large x region. In both cases the complete logarithmic approximations either in ln k (x) or ln k (1 − x) down to the constant term have a limited range of validity only and the complete function mainly depends on other structures.
Let us now turn to the complete OME A 7) , we obtain the following renormalized result in N space, 
(3.48)
Here L = ln (m 2 /µ 2 ). F 1 and F 2 were given in Eqs. (3.5) and (3.6), and
The polynomials P i are 
Conclusions
We have calculated the polarized three-loop massive OME A PS,(3) Qq in the single mass case. For the treatment of the Dirac matrix γ 5 we applied the Larin scheme. It is then convenient to use this scheme also in the calculation of the associated massless Wilson coefficient. After this, an expression for the pure singlet contribution to the structure function can be obtained, also referring to parton distribution functions in the Larin scheme, which are obtained in fits describing the evolution in the Larin scheme [21, 35] . More work is needed in the future to construct the transition to the MS scheme. In this calculation the central quantity is the constant part of the unrenormalized polarized pure singlet OME, a PS,(3) Qq , since the other contributions to the OME are coming from lower order calculations or are known from massless calculations to three-loop order. The present massive OME is given by the usual and generalized harmonic sums at rational weights in Mellin N space and by harmonic polylogarithms in x space, allowing besides the argument x also for the argument y = 1 − 2x ∈ [−1, 1]. The latter functions are obtained from generalized harmonic polylogarithms. Their numerical representation can be obtained by using the packages of Refs. [65] . We have calculated the expressions of a PS,(3) Qq in the small and large x regions. It is in principle possible to calculate the leading contributions of these expressions in the small and large x region by applying other techniques. To our knowledge that has not been done in the present case. These terms are not of phenomenological importance, since they receive large corrections form sub-leading contributions, which is also known from various other analyses. Therefore, the complete quantity has to be calculated. The OME A
